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1 Introduction

Hyperbolic Geometry appeared in the first half of the 19 century as an attempt to
understand Euclid’s axiomatic basis of Geometry. It is also known as a type of non-Euclidean
Geometry, being in many respects similar to Euclidean Geometry. Hyperbolic Geometry
includes similar concepts as distance and angle. Both these geometries have many results in
common but many are different.

There are known many models for Hyperbolic Geometry, such as: Poincaré disc model,
Poincaré half-plane, Klein model, Einstein relativistic velocity model, etc. Here, in this study,
we present a proof of Ceva’s theorem in the Poincaré disc model of hyperbolic geometry. The
Euclidean version of this well-known theorem states that if three lines from the vertices of
a triangle Ay A3As are concurrent at M, and meet the opposite sides at P, Q, R respectively,
then %41: . I}%LA]: . % =1 [7]. This result has a simple statement but it is of great interest. We
just mention here few different proofs given by N.A.Court [3]|, D.Grindberg [5], R.Honsberg
[6], A.Ungar [11].

We begin with the recall of some basic geometric notions and properties in the Poincaré
disc. Let D denote the unit disc in the complex z - plane, i.e.D = {z € C: |z| < 1} The most
general Md&bius transformation of D is

20+ 2
61,9

_ 10
117> =e"(20 @ 2),

which induces the Mobius addition @ in D, allowing the M&bius transformation of the disc
to be viewed as a Mobius left gyro-translation

20+ 2
14+ Zoz

Z2— 20Dz =

followed by a rotation. Here 6 € R is a real number, z, 2o € D, and Zj is the complex conjugate
of zp. Let Aut(D, @) be the automorphism group of the grupoid (D, @).

If we define

a®b 14+ab
gyr : D x D — Aut(D,®), gyrla,b] = boa - 1xab

then is true gyro-commutative lawa @ b = gyr|a, b](b ® a).

A gyro-vector space (G, ®,®) is a gyro-commutative gyro-group (G,®) that obeys the
following axioms: (1)gyr[u,v]a- gyr[u,v]b =a-b for all points a,b,u,v €G.

(2)G admits a scalar multiplication, ®, possessing the following properties. For all real
numbers r,71,72 € R and all points a €G:

(Gl)l®a=a

(G2) (rn+r)®a=r@adros®a

(G3) (mr2) ®a=r; ® (r,®a)

(G4) i = 72

(G5) gyr[u,v](r ® a) = r ® gyr[u,v]a

(G6) gyrri @ v,r @ v] =1

(3) Real vector space structure (|G|, ®,®) for the set |G| of one-dimensional ”vectors”

Gl ={*la]:ac G} CR



DORIN ANDRICA, CATXLIN BARBU 37

with vector addition @ and scalar multiplication ®, such that for all r € R and a,b € G,
(G7) |lr@all = |r| @ |a]
(G8) la® b < [laf| & [/b]|

Theorem 1.1 (The law of gyrosines in Mobius gyrovector spaces). Let ABC be
a gyrotriangle in a Modbius gyrovector space (Vi, @B, ®) with vertices A, B,C € Vi, sides
a,b,c € V, and side gyrolengths a,b,c € (—s,s),a=60B®C,b=0C® A, c=0A® B,
a = |al|, b = ||b|l, ¢ = |[c||, and with gyroangles o, 3, and v at the vertices A, B, and C.
Then 2 = 2 — 9 yhere vy = —% [10,p.267].

sin o sinf3 = sin<y’ 1_%
S

Definition 1.2 The hyperbolic distance function in D is defined by the equation

d(a,b):‘a@m: 1 —ab

a—b’

Here, a ©b=a® (-b), for a,b € D.
For further details we refer to the recent book of A.Ungar [10].

Definition 1.3 The symmetric of the median of a triangle with respect to the internal bisector
issued from the same vertex is called symmedian.

Theorem 1.4 (The Gyrotriangle Bisector Theorem). Let ABC' be a gyrotriangle in a
Moébius gyrovector space (Vs,®,®) with vertices A, B,C € Vj, sides a,b,c € V, and side
gyrolengths a,b,c € (—s,s), a=6B®C,b=6C® A, c=6A® B, a = ||a]|, b = ||b],
c = ||c||, and let D be a point lying on side BC' of the gyrotriangle such that AD is a bisector
of gyroangle ZBAC. Then

where vy = ; e [1].
T2

2  Main results

In this section we prove the Ceva’s theorem in the Poincaré disc model of hyperbolic
geometry.

Theorem 2.1 (The Ceva’s Theorem for Hyperbolic Gyrotriangle) If M is a point
not on any side of a gyrotriangle A1 AsAs such that AsM and A1As meet in P, AsM and
AsAq in Q, and Ay M and A3 As meet in R, then
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Figure 1

Proof. The law of gyrosines (See Theorem 1.1), gives for the gyrotriangles A1 M P and
A1 MP (See Figure 1) respectively,

(A1P)y _ (A1M),

= = (1)
sinAy\MP sinAiPM
(AQP)’Y _ (AZM)V (2)

sinfg]\ﬁ3 B sinm
where sin m = sinmi since gyroangles mf and m are suplementary. Hence,
by (1) and (2), we have

(A1P),  (AiM), sinAMP  (AM), sin A MAy
(A2P)y  (A2M), sinm (A2M), sinAmg

Similary, applying the law of gyrosines to the pair of gyrotriangles AoM R and AsM R, we
have

(3)

(AgR),  (AyM), sin A;MA,
(A3R)y  (A3M)y sin Ag/ml
and applying the law of gyrosines to the pair of gyrotriangles Ao M R and A3M R, we have

(4)

(45Q)y _ (AsM), sin AsMAy

= i 5
(41Q) (A1 M), sin A1 M Ay (5)
Now, from (3)-(5) we obtain
(Alp)'y . (A2R)'y . (A3Q)'y _
(A2P)7 (A3R)7 (AlQ)W
(AlM),y sin Amg (AQM)7 sin Am1 (AgM)7 sin Agw\/b -1
(A2M), sinAg/J\m3 (A3M)y sinAg/J\ml (A1 M), sinAl/]\mg
|

Naturally, one may wonder whether the converse of the Ceva theorem exists. Indeed, a
partially converse theorem does exist as we show in the following theorem.

Theorem 2.2 (Converse of Ceva’s Theorem for Hyperbolic Gyrotriangle) If P lies
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on the gyroline A1As, R on A3As, and QQ on AsA1 such that

(AIP)’Y . (AQR)’Y . (A3Q)’Y -1 (*)
(A2P)7 (A3R)7 (AlQ)’Y 7

and two of the gyrolines A1 R, AsQ and AP meet, then all three are concurrent.

Proof. If P lies between A; and As, then A3P cuts the gyrosegment A; R in M. Also,
Ao M cuts gyroside Az3A; in @'. Applying Ceva’s theorem to the gyrotriangle A;AsAs and

the point M, we get
(A1P)y (A2R), (A3Q)y _ (6)
(AQP)'y (A?)R)w (AIQ/)W

From (x) and (6), we get 22?8;: = E’:ig:%i This equation holds for @ = @Q'. Indeed, if we take

r:=|0A3® Q| and b := |[©A3 ® A1], then we get box = |©0Q" @ A4|. For z € (—1,1) define

r box

f(x)zl_xgl_(b@x)Q

Because b x = f):_bgg:’ then f(x) = %. Since the following equality holds

b(L— B%)(1 — ay)
(b—2)(1— bx)(b— y)(1 — by)

we get f(z) is an injective function and this implies @ = @’. A similar argument applies if @
lies between A; and As.

f(z) = fly) = (z —y),

Figure 2

Now suppose that P is situated beyond As, and @ beyond As, then the gyrolines A>@Q and
Az P meet at M, which lies within the gyroangle A3A; A3 (See Figure 2). Now A1 M cuts the
gyrosegment As Az in the gyropoint R'. Consequently R = R’, so the gyrolines are concurrent.
Next suppose that the gyropoint P is situated beyond Ay, and @ beyond A; (See Figure 3).
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Figure 3

Then the gyroline A2@Q enters gyroangle PAs A3 at As, and so cuts A3P at M. Since M is
situated within the gyroangle A3 A As, A1 M cuts the gyrosegment AsAs in the gyropoint R'.
As a consequence R = R/, so the gyrolines are concurrent. The case where P is beyond A,
and @Q beyond Aj is similar. There are with cases where both P and @) are situated beyond
A1 (See Figure 4).

Figure 4

By using the hypotheses we suppose first that the gyrolines A2(Q) and A3 P meet in the gyro-
point M. Then M is situated within gyroangle QAP, so A1 M meets the gyrosegment As Az in
the gyropoint R’. Consequently R = R/, so the gyrolines are concurrent. Suppose next that
As(@) and AsP meet in the gyropoint M, then M and As lie on opposite sides of A;As, so

Az M meets Ay Ay in the gyropoint P’. Consequently P = P’ so the gyrolines are concurrent.
|

Corollary 2.3 The gyromedians of a gyrotriangle A1AsAs are concurrent.

Proof. Let P,Q, R are the midpoints of the gyrosides As Ay, A1 A3, and A3A; respectively
(See Figure 1). Because (A1P), = (A2P)y, (A2R) = (A3R1), and (A3Q), = (A1Q),, then

(A1P), (A2R), (45Q),

(AQP)’Y (A3R)’Y (AlQ)v a

The gyromedians all lie within the gyrotriangle, so any two must meet. Thus, by the Converse
of Ceva’s Theorem, the gyromedians A1 R, A2Q) and AsP are concurrent. |

Theorem 2.4 (The Hyperbolic Theorem of Steiner). If the gyrolines A1P and A1Q
are two isogonals of a vertex Ay of a gyrotriangle A1AsAs, and the gyropoints P and (Q are
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on the gyroside Ay As, then

(CQ)y  (CP)y _ < (CAv, )2'

<A2Q)v . (A2P)7 a <A2A1)’Y

Proof. We set ZAQAlQ = ZPA1A3 = 9, ZAlQAQ = 61,ZA1QA3 = 62,4A1PA2 =
A1, LA PAs = Xy (See Figure 5).

Figure 5

If we use the gyrosines theorem in the triangles A1 A>Q, A1 A3Q, A1 A3P, A1 As P respectively
(See Theorem 1.1), then

sin 6 _ sine
(A2Q)y  (A241),’ @)
sin(A; —0)  sine (8)
(A3Q)w B (A3A1)”/’
sin 6 _ sin g
(A3P)"/ B (A3A1)'y7 (9)
sin(A4; — 0) _ _sin A1 (10)

(A2P), (A241),

If ratios the equations (7) and (8) among themselves, respectively, and because sin(w — ) =
sin #, then

sin 6 (AgQ),y . (AgAl).y

. . _ . 11
sm(A1 - 9) (AQQ)»Y (AQAl)’Y ( )
If ratios the equations (9) and (10) among themselves, respectively, then

sing  (A2P), _ (AgAl)v' (12)

sin(A1 — 0) (Agp),y (AgAl)fy

If ratios the equations (11) and (12) among themselves, respectively, then

(43Q)y (AsP), [ (AsA1),\”
(4:Q),  (A2P), <(A2 Al%) : (13)
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Corollary 2.5 If the gyroline A1 P is a gyrosymmedian of a gyrotriangle A1AsAs, and the
point P is on the gyroside A3As, then

(43P), _ ((A341),\°
= (G a9

(AZP)’Y

Proof. Let A;Q be the gyromedian in the gyrotriangle A;AsAs (See Figure 5). If we use
theorem 2.3 for the isogonals A; P and A;1Q), we obtain

(A3@)y (AsP), _ <(A3A1)W>2
(AQQ)'Y (AQP)A/ (AQAI),Y )

Because (A3Q)y = (A2Q)~, the conclusion follows. [ |

Corollary 2.6 The gyrosymedians of a gyrotriangle are concurrent.

Proof. Let A;A3A3 be a gyrotriangle, and let the gyrosymedians be A1 R, AsQ and AsP.
If we use the Corollary 2.2 we get

(A3R) o (AgAl),y 2

(AZR): B <(A2A1),y> ’ (15)
and

(AlQ)'y - (AIAQ)»y 2

(A3Q)y ((AgAg),y) ’ (16)
and

(AQP) o (A2A3) 2

(AlP)j, a ((AlAg):) - (17)

From (15), (16), and (17) we obtain

(A3R)y (AiQ)y (A2P)y _ |

(AQR)’Y (A3Q)7 (AIP)W

and from Theorem 2.2 we get the conclusion. |

Corollary 2.7 The internal angle bisectors of a gyrotriangle A1 AsAs are concurrent.

Proof. Let A1A3A3 be a gyrotriangle, and let the angle bisectors be A1 R, AsQ and AsP
(See Figure 1). If we use the Theorem 1.2 we get

(AsR)y  (As3d1)y

(4.B), ~ (AAr),’ (e
and

(A1Q)y  (A1A2),

(A3Q),  (AsAz),’ (19)
and

(A2P)“/ _ (A2A3)’Y (20)
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From (18), (19), and (20) we obtain

(A3R)’Y . (AlQ)'y . (AQP)’Y - 1.

(AQR)'Y (ABQ)'Y (Alp)v B

The angle bisectors all lie within the gyrotriangle, so any two must meet. Thus, by the
Converse of Ceva’s Theorem, the internal angle bisectors A1 R, A2Q) and A3P are concurrent.

Many of the theorems of FEuclidean geometry are relatively similar form in the Poincaré
model of hyperbolic geometry, Ceva’s theorem and Stewart’s theorem are an examples in this
respect. In the Euclidean limit of large s, s — oo, vy reduces to v, so the relations () and
(13) reduces to

AP AR A3Q
AP AR AQ

L,

and

A3Q AsP [ A3Ar\?
A3Q AP \ AgA;

in euclidian geometry.
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