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1. Introduction:

In paper [1] are presented some hyperbolic Huyggresinequalities, such as:

SmhX<g+lcoshx (2)
X 3 3

for all x[J(0,). In this paper we will use this inequality to geatersome new inequalities in
hyperbolic triangle. For more on topic of hyperbdhiangle inequalities see [2],[3].

2. Main Results:

Theorem 2.1 In any hyperbolic triangle the following inequalities holds:

cosha+coshb+coshc< o+ Z[Sinh2 % +sinh? g +sinh? %) 2)

cosha+coshb < Z(COSh" g +coslt gj (3)
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sinha+sinhb +sinhc <
..a ..b .. .c .. a a .. b b . c C
< 4 sinh— +sinh— + sinh= + sinh— sinh’*— + sinh— sinh>*— + sinh—sinhk®— 4
4[ 5 > 5 2smh 2 2smh 2 2smh 4j (4)

where > 3.
Proof : For the first inequality, we use the equality

coshx =1+ Zsinhzg

for all xR . One obtain: cosha+ coshb +coshc =3+ 2(smh2 5 +sink? 2+sinh2%j (5)

So, the first inequality hold. Now we will proofdtsecond inequality from theorem 2.1

cosha+coshb = 2[1+ sinh? % +sinh? gj <

< 2(cosh2 2 s sink? Ej +2< Z(COSh2 2+ costt Ej
2 2 2 2

So, the second inequality hold. For the last iadiy let us consider the inequalities

cosha<2 1+ sinhzg (6)
coshb<2 1+ sinhzg (7)
coshc< 2 1+ sinhzg (8)

Using this three inequalities, and alsodbeality

sinha+sinhb+sinhc = Zsinh% cosh% + Zsinhg coshg + Zsinhg cosh% ,

the proof of this theorem is done.

Theorem 2.2 The function cosh x isa convex function, so, the following inequality hold:
3COsha+g+c < cosha+ co;kb+coshc )

Observation 2.3 From Theorem 2.1 and Theorem 2.2, one obtain:

3cosh¥ < cosha+coshb+coshc< a + Z(Sinh2 % +sinh? g +sinh’ gj (10)

where = 3.

Corollary 2.4 In any hyperbolic triangle we have:

,b 3 +b+
sinh’ —+S|nh —+S|nh —>§(1 cos huj

Proof : Using relationcoshx =1+ 25inh2§, for xOR and Theorem 2.2, one obtain:

a+b+c ,b
3cosh———<3+2 —+ —+
3 (smh 5 sink’ 5 sinh’ 2)

and the conclusion follows.
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Corollary 2.5 In any hyperbolic triangle is true the following inequality:

C a b
cosh-< —+ —
5 cosH 5 cosif 5

From convexity of cosh function and from trismmmequality, one obtain:

Proof :
cosha+ cos}tn sI +b S cosh
2 2 2

From this inequality and inequality (3) we get:
Zcoshg< cosla+ codh< (%oshz%+ cosﬁ%j

and the conclusion follows.
Lemma 2.6 The following inequality hold:

sinha _ sinhb _ 4 Z(COSI‘F +cost? j (1)
a b 3 3 2 2
Proof : Using inequality (1) and (2), one obtain:
smha 2.1
cosha 12
<3 t+3(cosh) (12)
sinhb _ 2 +1(coshb) (13)
b 3 3

Using inequalities (12) and (13), one obtain:
sinha , sinhb _ 4 1(cosha+ coshb) < 4, 2(coshz§+coskf Ej
a b 3 3 3 3 2 2
which complete the proof of the lemma 2.6.
Lemma 2.7 The following inequality hold:
sinha _ sinhb _ sinhc _ 2(5+S|nh2 rsint? b+sinh22j
a b c 2 2 2

Proof : From ineqality (2), we get:
cosha+coshb +coshc< 4+ Z(Sinhzgl +sinh? > +sinh? gj

and using three times inequality (12), one obtain:
sinha , sinhb , sinhe (8 114, z(sinhzi‘ +sint? 2+ sin? Ej (14)
a b c 3 3 2 2 2

S0, we obtain:
sinha _ sinhb _ sinhc <2(5+sinh2§+sinh29+sinh2£j
a b C 2 2
Lemma 2.8 The following inequality hold:
GSinh%b-ch sinfa+ sinfb+ sinb

(15)
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Proof: We will use the following inequalities:
sinhx = Zsinh)—( coslc)'(rz Zsinﬁ
2 2 2

2(5inh%+sinht—2)+ sin@s sina+ sirt  sint (16)
Also, using the convexity of sinh function, oneaibt
a+b+tc E+9+E sinh® + sinr£+ sink’
sinh=——— = sinh2 g 2¢ 2 2 Z 2 (17)

From (16) and (17), we obtain the proof of corgllar8.
Corollary 2.9 Inany hyperbolic triangle, hold the following inequality:

. . a+b+c
sinh <

2(..,a .. b .. c¢c . a a ..b b . ¢ C
< =| sinh= +sinh= +sinh= + sinh—sjnh*— + sinh—sinhk’— + sinh=sink’— 18
3[ 5 5 > 2smh 2 2smh 2 2smh 4j (18)

Proof: Using the inequalities (15) and (4), we obtain irdiately the assertion of this
corollary.

Corollary 2.10 In any hyperbolic triangle, the following inequality hold:

..a _2(.,a .. b .. ¢ . a a .. b b .. .c c

sinh— < =| sinh— +sinh— +sinh= + sinh—sink’— + sinh—sinh*— + sinh=sink*— 19
( > > 2smh 2 2smh 2 2smh 4j (19)

Proof: Using the triangle inequalitg+c >a, we get:a+b+c > 2a, and then

atb+c_a N : . .. .
5 >— . Taking into account that the sine function is agr@éasing function,
... atb+c_ .  a
one obtain sinh 5 > smh§ (20)

Using inequality (20) and the corollar9,2ve get the assertion of the corollary
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