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In this note, we present a proof of Smarandache’s cevian triangle hyperbolic theorem in
the Einstein relativistic velocity model of hyperbolic geometry.

1 Introduction

Hyperbolic geometry appeared in the first half of the 19 cen-
tury as an attempt to understand Euclid’s axiomatic basis for
geometry. It is also known as a type of non-Euclidean geom-
etry, being in many respects similar to Euclidean geometry.
Hyperbolic geometry includes such concepts as: distance, an-
gle and both of them have many theorems in common.There
are known many main models for hyperbolic geometry, such
as: Poincaré disc model, Poincaré half-plane, Klein model,
Einstein relativistic velocity model, etc. The hyperbolic ge-
ometry is a non-Euclidian geometry. Here, in this study, we
present a proof of Smarandache’s cevian triangle hyperbolic
theorem in the Einstein relativistic velocity model of hyper-
bolic geometry. Smarandache’s cevian triangle theorem states
that if A} B1C is the cevian triangle of point P with respect to
the triangle ABC, then ,%{*l - ;;g L BC - _ABBCCA 119

Let D denote the complex unit disc in complex z - plane,
ie.

D={zeC:|z < 1}.

The most general Mobius transformation of D is
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which induces the M&bius addition @ in D, allowing the Mo-
bius transformation of the disc to be viewed as a Mobius left
gyrotranslation
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followed by a rotation. Here 6 € R is a real number, z, 79 € D,
and 7o is the complex conjugate of zo. Let Aut(D, ®) be the
automorphism group of the grupoid (D, ®). If we define

a@b_ 1+ab
b&a 1+ab’

gyr : DX D — Aut(D,®), gyrla,b] =
then is true gyrocommutative law
a®b=gyrla,b](b®a).

A gyrovector space (G,®,®) is a gyrocommutative gy-
rogroup (G, ®) that obeys the following axioms:

(1) gyr[u,v]a-gyr[u,v]b = a-b for all points a,b,u, v € G;

(2) G admits a scalar multiplication, ®, possessing the fol-
lowing properties. For all real numbers 7, r1, r, € R and
all points a € G:

Gl 1®a=a,

G2 (n+mn®a=r®adrnea,
G3 (rnrn)®a=r ®(rna),

G Il®@a _ a

[lr@all — lall”
G5 gyr[u,v](r®a) = r®gyr[u,vla,

G6 gyr[ri®v,ri®v] =1,

(3) Real vector space structure (||G||, ®, ®) for the set ||G]|
of onedimensional “vectors”

IGIl = {=[lall :a€ G} c R

with vector addition & and scalar multiplication ®, such
that for all r € R and a,b € G:

G7 lIr@all = |rl®lall,
G8 lla@ bl < llall @ [Ibl|.

Theorem 1 The Hyperbolic Theorem of Ceva in Einstein
Gyrovector Space Let a;, a;, and a3 be three non-gyrocolli-
near points in an Einstein gyrovector space (V,®,®). Fur-
thermore, let a3 be a point in their gyroplane, which is off
the gyrolines a;a,, aas, and aza,. If aja ;3 meets ara; at as,
etc., then

793163312 ||ea] @ a12” . 79326)323 ”eaz @ 323”
'}’eazeaalz ”632 2] 312” 7633692\23 ”933 52 323”

Yoaaay; 1023 @ Azl
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(here yy = —L ~
-2

is the gamma factor). (See [2, pp.461].)
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Theorem 2 The Hyperbolic Theorem of Menelaus in Ein-
stein Gyrovector Space Let a;, a,, and az be three non-gyro-
collinear points in an Einstein gyrovector space (V, ®, Q). If
a gyroline meets the sides of gyrotriangle a;a,a; at points
app,a;3, a3, then
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(See [2, pp. 463].) For further details we refer to A. Ungar’s References

recent book [2]. 1. Smarandache F. Eight solved and eight open problems in elementary
geometry. arXiv: 1003.2153.

2. Ungar A.A. Analytic hyperbolic geometry and Albert Einstein’s Spe-
cial Theory of Relativity. World Scientific Publishing Co., Hackensack
(NJ), 2008.

2 Main result

In this section, we present a proof of Smarandache’s cevian
triangle hyperbolic theorem in the Einstein relativistic veloc-
ity model of hyperbolic geometry.

Theorem 3 IfA,B,C is the cevian gyrotriangle of gyropoint
P with respect to the gyrotriangle ABC, then

YiealPAl YVieglPBl YiealPCl - YiaglABI " YigclBCl * Y (callCAl

’y\pA”IPAlI 7|p31\\P31| ’Y\pc”lPC]I ’Y‘ABIHABl' : ’Y‘BCI||BC1| : V|CA1|ICA1\

Proof If we use a theorem 2 in the gyrotriangle ABC (see
Figure), we have

'y‘Ac|||AC1| : y|BA]||3A1| : y|cgl||CBl\ = 7|AEI||A31| : 7|Bc]|\BC1| ' 7|CA]|\CA1|‘
1

If we use a theorem 1 in the gyrotriangle AA| B, cut by the
gyroline CC, we get
Yisc, ]AC1 " YiaalBEL Yy A1 Pl = ViarlAPL " Y (A1 € Yy, 1BC1- (2)
If we use a theorem I in the gyrotriangle BB C, cut by the
gyroline AA, we get
Yia, 1B YiealCAL Y B PL = YVisplBPL ™ Y g aiBIAL" Yica A= (3)
If we use a theorem 1 in the gyrotriangle CC1A, cut by the
gyroline BBy, we get
Yieny[CBIL " YuslABl " Yje, IC1PL = YienlCPL" Yic, yIC1B " Yy 1ABi1- (4)

We divide each relation (2), (3), and (4) by relation (1),
and we obtain

YipalPA] _ YisalBC ) Y |5,4)1B1Al 5)
YipayPAL Yiga BA Y|, qlBICI ’
YienlPBl  YicalCAl .7|CIB|ICIB| ©
Yies (PBIl YView, [CBil - Vi CiAl
YipcllPC _ YunlAB| '7‘AIC|IA1C| o

y|pCI|IPC1I 7|ACI|IACI| y|A15\‘AlB|.
Multiplying (5) by (6) and by (7), we have

Y\pallPAl Y\p5|PBI YipciIPCI

yl,,AlllPA]\ 7|PBI|\P31\ 7|PC1|\PC1\

. . 8
YianlABI"Y 5| |BCI Y |caICAl .‘y|31f‘|‘BIAI ‘y|C13||C]BI ’y|A1C|lA]C‘ ®)

Vg A8 o, B1CT Yo 1C1AL V) 1BV (g o B1CY | C1A

From the relation (1) we have

TP A Yiey 1B Vil ©)

Yiasl 4Bl Y, clBICL" Ve, ICiAl
N
y\PA\lpAl Y p5|PB Y pc|PCI _ y\AB||AB| . 7\3C||BC| : y\CA\‘CAl

YipagPAL Y ipsIPBil Yipc \PCIL Yiag, IABiIl " Y jpc |IBCIL " Y cay|ICAI
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